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Abstract
We investigate supersymmetric SU(5) grand-unified theories (GUTs) realized in 5 space-
time dimensions and broken down to the MSSM by SU(5)-violating boundary conditions
on a S1/(Z2 × Z ′2) orbifold with two 3-branes. The doublet-triplet splitting problem is
entirely avoided by locating the MSSM Higgs doublets on the brane on which SU(5) is
not a good symmetry. An extremely simple model is then described in which the MSSM
matter is also located on this SU(5)-violating brane. Although this model does not unify
the MSSM matter within SU(5) multiplets, it explains gauge coupling unification. A
second model with MSSM matter in the SU(5)-symmetric bulk preserves both the SU(5)
explanation of fermion quantum numbers as well as gauge-coupling unification. Both
models naturally avoid problematic SU(5) predictions for the Yukawa couplings of the
first two generations and are consistent with proton decay constraints. We analyse the
running of gauge couplings above the compactification scale in terms of a 5d effective
action and derive the implications for the values of compactification scale, unification
scale and of the scale at which the bulk gauge theory becomes strongly coupled.
1 Introduction
Since the pioneering work of Georgi and Glashow [1] (also [2]) the compelling concept
of a grand unified theory (GUT) of the Standard Model (SM) gauge interactions has
dominated our thinking about physics at high energies. The success of gauge coupling
unification [3] in minimal supersymmetric standard model (MSSM) extensions of these
theories [4, 5] has further supported this idea [6]. However, despite these great successes
(and others, such as the generation of small neutrino masses) this GUT concept is not
without its faults. In particular we recall the problems of the Higgs structure of the
high-scale theory, especially the doublet-triplet splitting problem, the issue of too fast
proton decay, and the mismatch of the GUT scale with the naive scale of unification
with gravity.
Recently, a new possibility for the embedding of the SM into a form of GUT has
been suggested by Kawamura [7–9] and further extended by Altarelli and Feruglio [10]
and Hall and Nomura [11]. The basic idea is that the GUT gauge symmetry is real-
ized in 5 or more space-time dimensions and only broken down to the SM by utilizing
GUT-symmetry violating boundary conditions on a singular ‘orbifold’ compactification.
Given the success of the traditional supersymmetric gauge-coupling unification predic-
tions, the most attractive class of models are ones with both supersymmetry and (at
least) SU(5) gauge symmetry in 5 dimensions. In this case both the GUT group and 5d
supersymmetry are broken down to a N=1 supersymmetric model with SM gauge group
by compactification on S1/(Z2×Z ′2) (a related idea was employed for EWSB in Ref. [12]).
This construction allows one to avoid some unsatisfactory features of conventional GUTs
with Higgs breaking, such as doublet-triplet splitting, while maintaining, at least at lead-
ing order, the desired MSSM gauge coupling unification. Moreover, given the fact that
string theory requires additional dimensions, as well as branes located at orbifold fixed
points, the necessary (inverse-GUT-scale-sized) 5th dimension is not unreasonable.1
In this letter we present two GUT models of this type, which we believe to be the
simplest yet discovered, our particular focus being the realization of the MSSM Higgs and
the MSSM matter. Specifically in Sect. 2 we review the basic physics of the construction
of Refs. [7–11], applying this in Sect. 2.1 to the gauge sector of the model. Sect. 2.2
contains the novel observation that the electroweak Higgs can be a localized field on the
SU(5)-violating brane, with no triplet partners whatsoever, thus solving the doublet-
triplet problem of traditional GUTs in a particularly simple way. Sect. 2.3 contains a
detailed discussion of two novel constructions of the MSSM matter in such theories. The
first of these two models locates the MSSM matter on the SU(5)-violating brane and
has both an exceptionally simple structure and is evidently consistent with low-energy
phenomenology. The model explains gauge coupling unification but, intriguingly, has no
SU(5) multiplet structure for the MSSM matter, so in itself does not explain the quantum
numbers of the MSSM matter. In our second model we present a novel way of realising the
MSSM spectrum from SU(5)-representations in the 5d bulk (thus explaining the matter
1We will take an effective-field-theory viewpoint of orbifold branes, namely we will impose all con-
straints necessary for a consistent low-energy theory, but not require an explicit string-theory (or other
quantum gravity) realisation.
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quantum numbers), which nevertheless leads to zero-modes which couple to the brane-
localized Higgs in a way that does not imply the incorrect SU(5) relations for the Yukawa
matrices for the first two generations. Thus both models possess a number of appealing
features. In Sect. 3, we address the nature of gauge coupling unification in these models
(developing the treatment of [11]), with special emphasis on the corrections to exact
unification arising from SU(5)-violating brane kinetic terms. We analyse the running of
gauge couplings above the compactification scale in terms of a 5d effective action and
derive the implications for the values of the compactification scale, the unification scale
and of the scale at which the bulk gauge theory becomes strongly coupled. Most of the
discussion of Sect. 3 is generic and applies to other models with orbifold GUT breaking
as well. Sect. 4 contains our conclusions.
2 The Structure of the Minimal Model(s)
Let us recall in greater detail the essential features of the S1/(Z2 × Z ′2) model as for-
mulated in Refs. [8, 10, 11]. Even at this simple stage we will argue that there are more
possibilities for the construction of the theory than have been utilized so far, and that the
new model(s) we describe more minimally solve the problems of traditional 4d GUTs.
Consider a 5-dimensional factorized space-time comprising a product of 4d Minkowski
space M4 (with coordinates x
µ, µ = 0, . . . , 3), and the orbifold S1/Z2×Z ′2, with coordinate
y ≡ x5. The circle S1 will be taken to have radius R where 1/R ∼ MGUT (so large
extra dimensions are not being considered). The orbifold S1/Z2 is obtained by modding
out the theory by a Z2 transformation which imposes on fields which depend upon the
5th coordinate the equivalence relation y ∼ −y. ‘Modding out’ the theory means that
we restrict the configuration space of fields in the functional integral to ones that are
invariant under the specified Z2 action. To obtain the orbifold S
1/(Z2 × Z ′2) we further
mod out by Z ′2 which imposes the equivalence relation y
′ ∼ −y′, with y′ ≡ y + πR/2.
Actually this formulation of the S1/(Z2 × Z ′2) orbifold slightly obscures one fact: The
second equivalence y′ ∼ −y′ can be combined with the first, y ∼ −y, to obtain the
physically identical equivalence y ∼ y + πR, and this slight re-writing makes manifest
that the second equivalence introduces no new fixed points by itself. However, let us
continue to work with the basis of identifications
P : y ∼ −y P ′ : y′ ∼ −y′. (1)
It is important to the whole construction that under these equivalences there are two
inequivalent fixed 3-branes (or ‘orbifold planes’) located at y = 0, and y = πR/2 ≡ ℓ,
which we denote O and O′ respectively. It is consistent to work with the theory obtained
by truncating to the physically irreducible interval y ∈ [0, ℓ] with the 3-branes at y = 0, ℓ
acting as ‘end-of-the-world’ branes, and henceforth we so do.
The action of the equivalences P, P ′ on the fields of a quantum field theory living on
M4 × S1/(Z2 × Z ′2) is not fully specified by the action Eq. (1) on the coordinates. One
must also define the action within the space of fields. To this end, let Φ(x, y) be a vector
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comprising all bulk fields, then the action of P and P ′ is given by
P : Φ(x, y) ∼ PΦΦ(x,−y), (2)
P ′ : Φ(x, y′) ∼ P ′ΦΦ(x,−y′). (3)
Here, on the rhs, PΦ and P
′
Φ are matrix representations of the two Z2 operator actions,
which necessarily have eigenvalues ±1 when diagonalized. Let us from now on work in
this diagonal basis of fields, and classify the fields by their eigenvalues (±1,±1). Then
these fields have the KK expansions:
Φ++(x, y) =
√
4
πR
∞∑
n=0
1
(
√
2)δn,0
Φ
(2n)
++ (x) cos
2ny
R
, (4)
Φ+−(x, y) =
√
4
πR
∞∑
n=0
Φ
(2n+1)
+− (x) cos
(2n+ 1)y
R
, (5)
Φ−+(x, y) =
√
4
πR
∞∑
n=0
Φ
(2n+1)
−+ (x) sin
(2n + 1)y
R
, (6)
Φ−−(x, y) =
√
4
πR
∞∑
n=0
Φ
(2n+2)
−− (x) sin
(2n + 2)y
R
. (7)
From the 4d perspective the KK fields Φ(k)(x) acquire a mass k/R, so only the Φ++
possess a massless zero mode. Moreover, only Φ++ and Φ+− have non-zero values at
y = 0, while only Φ++ and Φ−+ are non-vanishing at y = ℓ.
It is important to realize that the action of the identifications P, P ′ on the fields
(namely the matrices PΦ and P
′
Φ) can utilize all of the symmetries of the bulk theory.
Thus P and P ′ can involve gauge transformations, discrete parity transformations, and
most importantly in the supersymmetric case, R-symmetry transformations. This last
feature allows one to break the higher-dimensional supersymmetry to a phenomenologi-
cally acceptable, and desirable N=1 SUSY theory in 4d.
2.1 The Gauge Structure of the Minimal Model
To reproduce the good predictions of a minimal supersymmetric GUT, we start from a 5d
SU(5) gauge theory with minimal SUSY in 5d (with 8 real supercharges, corresponding
to N=2 SUSY in 4d). Thus, at minimum, the bulk must have the 5d vector superfield,
which in terms of 4d N=1 SUSY language contains a vector supermultiplet V with
physical components Aµ, λ, and a chiral multiplet Σ with components ψ, σ. Both V and
Σ transform in the adjoint representation of SU(5).
Now choose the matrix representation of the parity assignments, expressed in the
fundamental representation of SU(5), to be
P = diag(+1,+1,+1,+1,+1), P ′ = diag(−1,−1,−1,+1,+1), (8)
so that
P : V a(x, y)T a ∼ V a(x,−y) PT aP−1,
P ′ : V a(x, y′)T a ∼ V a(x,−y′) P ′T aP ′−1, (9)
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where the action on the rhs is as matrices. For Σ the same assignments are taken apart
from an overall sign for both P and P ′, so that
P : Σa(x, y)T a ∼ −Σa(x,−y) PT aP−1,
P ′ : Σa(x, y)T a ∼ −Σa(x,−y) P ′T aP ′−1. (10)
These boundary conditions then break SU(5) to the SM gauge group on the O′ brane
at y = ℓ, and 4d N=2 SUSY to 4d N=1 SUSY on both the O and O′ branes. This can
be seen explicitly by examining the masses of the KK towers of the fields as displayed
in Table 1. Only the (+,+) fields possess massless zero modes, and at low energies the
gauge and gaugino content of the 4d N=1 MSSM is apparent.
(P, P ′) 4d superfield 4d mass
(+,+) V a 2n/R
(+,−) V aˆ (2n+ 1)/R
(−,+) Σaˆ (2n+ 1)/R
(−,−) Σa (2n+ 2)/R
Table 1. Parity assignment and KK masses of fields in the 4d vector and chiral
adjoint supermultiplet. The index a labels the unbroken SU(3)×SU(2)×U(1) generators
of SU(5), while aˆ labels the broken generators.
2.2 The Electroweak Higgs
We now come to the first significant difference with respect to the treatments of
Refs. [7–11]: our model does not include bulk Higgs multiplets. If we were to include
such bulk Higgs, then the unbroken SU(5) gauge invariance of the bulk would force them
to transform as 5’s (and 5’s) of SU(5). As such representations contain more than the
SU(2) doublets necessary for electroweak symmetry breaking, we are faced with a ver-
sion of the infamous doublet-triplet splitting problem. Of course a success of the models
of Refs. [7–11] is that by extending the action of P, P ′ to this bulk Higgs sector, the
triplet components can be made heavy. Nevertheless it is unarguably simpler (and phe-
nomenologically different) never to have had the Higgs triplet components in the first
place!
How then are the Higgs doublets to be realized? To understand the possibilities it
is important to realize that after the orbifolding, Eqs. (8)-(10), the amount of unbroken
gauge symmetry is position dependent. On the O brane at y = 0 and in the bulk the
entire SU(5) symmetry is a good symmetry. In particular at position y 6= ℓ the allowed
gauge transformations are of the form U = exp(i
∑
a ξ
a(x, y)T a + i
∑
aˆ ξ
aˆ(x, y)T aˆ), with
both the gauge transformation parameters ξa(x, y) and ξaˆ(x, y) non-vanishing. Only at
the O′ brane are the ξaˆ(x, ℓ) = 0, and purely the SM gauge symmetry is defined. The
implication of this for the gauge sector of the theory is that the form of the 5d effective
Lagrangian (at scale µ) is:
Leff(µ) =
∫
d2θ
{
−
(
1
2g5(µ)2
+
δ(y)
2g0(µ)2
)
trWαWα −
3∑
i=1
δ(y − ℓ)
2gi(µ)2
trWαi W iα
}
, (11)
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where Wα,i (i = 1, 2, 3) are the supersymmetric field strengths of the unbroken
U(1)×SU(2)×SU(3) SM gauge group on the O′ brane, andW is the SU(5) field strength.
In other words, the effective action of the O′ brane need only respect the SM gauge group,
while the bulk theory must respect the full SU(5) gauge symmetry.
The symmetries of the theory allow one to add interactions, and additional matter,
on the O′ brane which only respect the SM gauge symmetry. Thus, unlike the models of
Refs. [7–11], we choose to add a pair of weak-SU(2) doublet N=1 chiral superfields Hu, Hd
to the O′ 3-brane theory at y = ℓ. This is a particularly natural and attractive definition
of the theory precisely because the Higgs is the one matter field in the MSSM that
does not have partners that effectively fill out a full SU(5) multiplet as far as quantum
numbers are concerned. As we do not have any Higgses which transform as a triplet of
SU(3), there is automatically no doublet-triplet-splitting problem either.
2.3 The MSSM Matter
The next question is the location of the SM matter (and their 4d N=1 superpartners).
In our framework it cannot be on the SU(5)-invariant O brane at y = 0 as it would not
then be able to interact with the electroweak Higgs. This leaves us with two possibilities,
both of which lead to attractive models.
I. SM matter on the SM brane
If, together with the Higgs, the matter is also located on the O′ brane, then the
Yukawa couplings only need be invariant under the SM gauge group. Thus, the Yukawa
couplings are no more restricted than in the traditional 4d MSSM, and automatically
there is enough flexibility to accommodate fermion masses and mixings. Therefore the
Yukawa terms in the superpotential of the 5d effective lagrangian for the light SM-charged
fields of our minimal theory are localized entirely on the O′ brane at y = ℓ:
WYukawa =
∫
d2θδ(y − ℓ)∑
IJ
(
huIJQIHuUJ + h
d
IJQIHdDJ + h
l
IJLIHdEJ
)
, (12)
where I, J = 1, 2, 3 are generation indices, and all fields depend only upon xµ. This
theory has considerable advantages as compared to the set-ups of both Altarelli and
Feruglio [10] (AF) and Hall and Nomura [11] (HN). Specifically, the construction of AF
considers the Higgs to be a bulk field (which therefore must be extended to a full 5),
and locates the SM on the SU(5) invariant brane (the SM matter therefore transform
as full 5+ 10 multiplets of SU(5)). On this brane AF then assume SU(5)-non-invariant
Yukawa interactions between the bulk Higgs and the SM matter. But such a set-up is not
consistent with unbroken gauge invariance on the O brane. In particular it does not allow
the freedom to move between unitary and covariant gauges to show the simultaneous
unitarity and Lorentz-invariance of the low-energy theory. (Lack of renormalizability, at
least at high scales, is not really the important issue – after all the basic Kawamura set-up
considers a 5d non-renormalizable theory. This is perfectly OK if the scale of the loss of
calculability is sufficiently high.) Indeed unless one includes further SU(5)-breaking mass
terms for the SU(5) gauge bosons, m2AaˆµA
µ,aˆ (localized to the formerly SU(5)-invariant
brane), the theory is not unitary at low energy. The whole theory then has a rather
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different, and much more complicated character than that discussed by Altarelli and
Feruglio. We therefore consider this theory to be more complicated than necessary.
On the other hand the theory of HN, where again the Higgs is taken to be a bulk
field, and the SMmatter is located on the SU(5)-invariant brane, assumes SU(5) invariant
Yukawa interactions localized to the SU(5)-invariant brane. This is a consistent set-up.
Unlike in our model where we place the SM matter on the O′ brane, the HN model can
explain the b-τ mass ratio [13] via SU(5) relations for the Yukawas. Unfortunately it also
leads to SU(5) predictions for the first and second generation fermion mass ratios,md/me
and ms/mµ, which are in strong disagreement with experiment. Thus HN are forced to
introduce additional fields in the bulk which mix with the first and second generations
of MSSM fields so as to correct the wrong predictions for the first two generations of
quarks and leptons. Although possible, this procedure is ad hoc.
Our model does not suffer from either of the above shortcomings. It is also phys-
ically different in advantageous ways. First, since there are no Higgs triplets at all, it
immediately follows that there are no problems with triplet-Higgsino-mediated proton
decay. (The models of AF and HN, where triplet Higgsinos exist as KK excitations,
also avoid dangerous Higgsino-mediated proton decay, but for different reasons.) There
are no dimension-5 proton decay mediating operators from Higgsinos in our theory. Of
course, there are still proton-decay processes mediated by the heavy (+,−) KK mode
X and Y gauge bosons. These are present due to terms in the O′-brane action involving
the (non-vanishing) ∂5 derivatives of A
aˆ
µ. (Note that such KK excitations in the X and
Y gauge boson directions carry hypercharge, which is correctly normalized because it
sits inside the bulk SU(5), so their interactions with the brane-localized SM states also
correctly normalize the hypercharge of these SM states.) Being dimension 6 operators
these lead to much less of a constraint on the effective GUT scale 1/R. In addition,
however, there can in principle be brane-localized dimension 5 baryon-number-violating
operators from global-quantum-number-violating quantum gravity effects [14]. Because
of the existence of a relatively large 5th dimension the quantum gravity scale is lower
than the usual Planck mass, so these operators, if they are there, are more problematic
than usual. We leave a detailed discussion of this issue to a future publication. Sec-
ond, this model has several very nice features when one considers the breaking of the
remaining N=1 supersymmetry down to the SM at the TeV scale. An attractive solu-
tion of the supersymmetric FCNC problem follows if the MSSM matter is sequestered
from the SUSY-breaking sector. The localization of the MSSM matter to the O′-brane
naturally allows us to achieve this separation by having the SUSY-breaking sector on
the SU(5)-symmetric O-brane, and communicating the SUSY breaking to the MSSM
matter by the MSSM gauginos which live in the bulk. This is similar but not identical
to the models of [15] considered by HN [11]. For example, one difference arises from the
fact that in our model the gauginos necessarily pick up their soft SUSY-breaking mass
from an SU(5)-symmetric interaction (e.g., (S trWαWα)|F−cpt if there is a singlet chiral
superfield S on O with 〈FS〉 6= 0). Thus the gaugino masses will satisfy the traditional
SUSY SU(5) relations to the same high degree of accuracy as the gauge-couplings them-
selves unify. This and other details of SUSY breaking in this (and the following) model
will be discussed in a future publication. An aesthetic disadvantage of this model is that
it gives up on an explanation via SU(5) multiplet structure of the quantum numbers
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of the SM matter fields. (The well-known restrictions of anomaly cancellation for these
quantum numbers of course still apply.) Overall we find this model intriguing because
of its extreme simplicity and because it manages to unify the gauge couplings without a
corresponding unification of the Higgs or MSSM matter.
II. SM matter in the bulk
We now discuss an alternate model for the MSSM matter. The bulk of our theory
is invariant under both the full SU(5) gauge symmetry and the full ‘N=2’ minimal
supersymmetry (8 real supercharges) of 5 dimensions. If we take the MSSM matter to
reside in the bulk, then the first of these symmetries immediately tells us that they
must come in complete SU(5) multiplets. Therefore the usual SU(5) matter multiplet
structure, 10+5, is naturally incorporated, and the quantum numbers of the SM matter
fields, in particular the hypercharge assignments and the issue of charge quantization,
are explained for the same reasons as in traditional 4d GUTs with simple gauge group.
In fact we will soon argue that the correct situation with regard to quantum numbers is
slightly more subtle in a particularly interesting fashion.
On the other hand, the bulk N=2 SUSY appears to pose a problem. The minimal
matter superfield representation for such a theory is a hypermultiplet, which in 4d N=1
language decomposes in to a chiral multiplet ΦR together with a mirror chiral multiplet
in the conjugate representation Φc
R
. Thus, the choice of matter in the bulk would appear
to have problems reproducing the chiral structure of the SM.
Fortunately we are saved once again by the structure of the orbifold projections P
and P ′ acting on fields. The action of these projections on the N=1 component fields
Φ and Φc residing in a 5d hypermultiplet is inherited from the action on the 5d vector
multiplet Eqs. (8)-(10). The result is that actions of both P and P ′ on the 4d chiral fields
Φ and Φc have a relative sign:
P : Φ ∼ PΦΦ, P : Φc ∼ −PΦΦc , (13)
and similarly for P ′. This difference leads to a chiral spectrum for the zero modes.
Indeed the KK spectrum of 5d bulk hypermultiplets in the representation 10+5 (whose
4d chiral components we denote T + F + T c + F
c
) resulting from the P, P ′ actions is
given in Table 2. Note that since P ′ does not commute with SU(5), components of the
T + F + T c + F
c
fields in different SU(3)×SU(2)×U(1) representations have different
KK mode structures. Thus in this table we label the expansions by Q,U,D, L, E, etc.,
to indicate their SM transformation properties.
(P, P ′) 4d superfield 4d mass
(+,+) TU , TE , FL 2n/R
(+,−) TQ, FD (2n+ 1)/R
(−,+) T c
Q
, F
c
D (2n+ 1)/R
(−,−) T cU , T cE , F cL (2n+ 2)/R
Table 2. Parity assignments and KK masses of fields in the 4d chiral supermultiplets
resulting from the decomposition of 5d hypermultiplets in the (T+F ) representation. The
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subscript labels the SM transformation properties, e.g., Q = (3, 2)1/6, Q = (3, 2)−1/6,
U = (3, 1)−2/3, etc.
We immediately note from Table 2 that the zero mode structure (the n = 0 com-
ponents of the (+,+) fields) do not fill out a full generation of SM matter. We just
get U = (3, 1)−2/3, E = (1, 1)1, and L = (1, 2)−1/2 left-chiral N=1 superfields. This
is rectified by taking another copy of 10 + 5 in the bulk (with N=1 chiral components
denoted T ′ + F ′ + T ′c + F ′
c
), and using the freedom to flip the overall action of the P ′
parity on these multiplets by a sign relative to T +F +T c+F
c
.2 This difference leads to
a different selection of zero mode components, the KK spectrum being given in Table 3.
(P, P ′) 4d superfield 4d mass
(+,+) T ′Q, F
′
D 2n/R
(+,−) T ′
U
, T ′
E
, F ′L (2n+ 1)/R
(−,+) T ′cU , T ′cE , F ′cL (2n+ 1)/R
(−,−) T ′c
Q
, F ′
c
D (2n+ 2)/R
Table 3. Parity assignments and KK masses of fields in 4d chiral supermultiplets
resulting from the decomposition of 5d hypermultiplets in the (T ′ + F ′) representation.
The alteration of the action of P ′ causes an effective interchange of the 1st and 2nd rows,
and of the 3rd and 4th rows, relative to Table 2.
Now a marvellous thing has happened! Combining the results of Tables 2 and 3 we
have zero modes which fill out the full matter content of a SM generation. Remarkably,
this occurs in such a way as to explain charge quantization and the hypercharge assign-
ments despite the fact that what we think of as a single generation filling out a 10+ 5,
has components that arise from different (10+5)’s in the higher-dimension. This means
that when we couple three copies (for the three generations) of this combination of fields
to the Higgs on the O′ brane at y = ℓ, the Yukawa couplings do not have to satisfy the
usual SU(5) relations.3 Explicitly, the Yukawa couplings for the light zero-mode MSSM
matter fields now result from 3 different combinations of the 5d fields,
WYukawa =
∫
d2θδ(y − ℓ)∑
IJ
(
huIJT
′I
Q T
J
U
Hu + h
d
IJT
′I
Q F
′J
DHd + h
l
IJT
I
E
F
J
LHd
)
, (14)
where we have indicated the zero mode components contained in the 5d T, T ′, F
′
and F
fields (using the same notation for the components as in Tables 2 and 3). As before, Hu
and Hd are 4d chiral fields localized to the O
′ brane at y = ℓ. Thus we have no problems
with the standard incorrect 1st and 2nd generation mass-ratio predictions of SU(5), and
do not require the contortions of other models to avoid these difficulties.
Having discussed how a successful understanding of quantum numbers and interac-
tions may be achieved, we now turn to the question of the nature of gauge coupling
unification in these models.
2Hall and Nomura make this observation in the 2nd footnote of the final version of [11].
3These results are reminiscent of those from studies of string theory carried out in the mid-to-late
1980’s [16]. We also thank Lawrence Hall for discussions concerning Yukawa couplings.
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3 Gauge Unification at Tree Level and Beyond
At least in the domain of applicability of quantum (effective) field theory, the gauge
couplings in an S1/(Z2 × Z ′2) orbifold GUT of the general type discussed here and in
Refs. [7–11] never exactly unify. The reason for this is that the theory on the GUT-
breaking brane O′ never recovers the full SU(5) symmetry as the energy scale is increased.
Its symmetry remains limited to the SM gauge group. In particular, there are brane-
localized 4d kinetic terms for the SM gauge fields with SU(5)-violating coefficients 1/g2i
(see Eq. (11)). Nevertheless, a 4d observer performing experiments at or just below the
energy scale Mc = 1/R sees an approximate SU(5) unification of couplings. The reason
for this is that the bulk gauge kinetic term is SU(5)-symmetric and the wavefunction of
the zero-mode gauge boson is independent of y. Thus the physical gauge coupling, as
measured in such experiments, is obtained by integrating over the 5th dimension, and if
the linear extent of the 5th dimension is sufficiently large (we shall quantify this shortly),
then the SU(5)-violating brane kinetic terms are dominated by the bulk contribution,
leading to an approximate SU(5)-symmetry.
This can be made more explicit by developing the discussions of Hall and Nomura,
and Nomura, Smith and Weiner [11,17]. We begin by estimating the region of validity of
the 5d field-theoretic description. Disregarding, for the moment, the δ-function terms in
Eq. (11) and integrating over the fifth dimension, one finds that the 5d gauge coupling
g5 is related to the 4d gauge couplings of the SM by g
2
1 = g
2
2 = g
2
3 = g
2
U = g
2
5/ℓ. Let us
first assume that this tree-level relation is approximately valid at scale 1/R. Since the
couplings gi run in a conventional way below that scale, this puts 1/R in the vicinity of
MGUT ∼ 1016 GeV. Phenomenologically, αU ≃ g2U/4π ≃ 1/25. We now show that the
smallness of this number allows a large region of validity of weakly coupled 5d gauge
theory. By na¨ıve dimensional analysis (NDA) (cf. Ref [18]), the effective loop expansion
parameter in D dimensions is given by the ‘reduced coupling’ g2 = g2/(2DπD/2Γ(D/2)).
This means, in particular, that g24 = g
2
4/(16π
2) in 4d and g25 = g
2
5/(24π
3) in 5d. The 5d
gauge theory, being non-renormalizable, has power-divergent loop corrections. With a
cutoff Λ, these loop corrections are negligible as long as g25Λ ≪ 1. Thus, the 5d theory
becomes strongly interacting at the scale
Λ ≃ 1
g25
≃ 12π
αU
R−1 ≃ 103R−1 . (15)
We see that the range of validity of weakly coupled 5d gauge theory can span up to three
orders of magnitude and may lead us directly to, e.g., string physics at the Planck scale.
We now turn to loop corrections to the values of gi at the scale Mc ≡ 1/R. One
approach is to integrate out the fifth dimension at the maximal scale M at which our
model is valid and to run the 4d effective theory down to Mc = 1/R in a conventional
manner. (Note thatM can be significantly smaller than its obvious upper bound Λ if, for
example, the internal structure of the brane is resolved at a lower energy.) The 4d gauge
couplings are obtained by applying g2i = g
2
5/ℓ (for i = 1, 2, 3) at scale M and integrating
out the KK modes between M and Mc:
α−1i (Mc) = α
−1
U +
1
2π
{
ai ln
M
Mc
+ bi
N∑
n=1
ln
M
(2n− 1)Mc + ci
N∑
n=1
ln
M
2nMc
}
. (16)
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Here ai is the zero-mode contribution (corresponding to the usual MSSM running) while
bi and ci are the contributions of the higher KK modes. The masses of these modes are
even or odd multiples of Mc, depending on the boundary conditions at O and O
′. The
upper limit of the sum is determined by the UV cutoff N ∼M/2Mc. Rewriting Eq. (16)
as
α−1i (Mc) = α
−1
U +
1
2π
{
ai ln
M
Mc
+ (bi + ci)
N∑
n=1
ln
M
2nMc
− bi
N∑
n=1
ln
(
1− 1
2n
)}
, (17)
it seems impossible to extract any useful information about low-energy gauge couplings
since the sum multiplying (bi+ci) produces a power-like dependence on the cutoffM . The
reason is that a power-like cutoff dependence has an error which is not parametrically
smaller than the effect itself. Note however that this power-like behaviour is a manifesta-
tion of the 5d SU(5)-symmetric bulk. Thus, even without a detailed calculation, we know
the sum (bi+ ci) to be independent of i. As a result, the physically important differences
αij(Mc) ≡ α−1i (Mc)− α−1j (Mc) are only logarithmically sensitive to the cutoff scale and
are therefore calculable:
αij(Mc) =
1
2π
{
aij +
1
2
bij
}
ln
M
Mc
. (18)
Here aij = ai − aj , bij = bi − bj , and the sum multiplying bi in Eq. (17) has been
evaluated at leading logarithmic accuracy. The effect described by Eq. (18) has been
called ‘differential running’ in [17], where it was discussed in the framework of GUT
breaking by an adjoint Higgs on the brane.
Let us now compare this to the running of the 5d effective action fromM toMc. Due
to unbroken gauge invariance in the bulk, the most general form of the effective lagrangian
(disregarding SM matter) at scale µ (with M ≫ µ ≫ Mc) is given by Eq. (11). This
lagrangian, which is obtained from the original lagrangian Leff(M) by integrating out all
modes with momenta above µ, has to be evaluated on fields that are smooth on a scale
µ. Thus, the δ functions in Eq. (11) have to be understood as approximate δ functions,
localized on a scale µ.
An explicit calculation of Leff(µ) on the basis of Leff(M) is not straightforward since it
requires a gauge-invariant separation of high- and low-momentum gauge fields. Neverthe-
less, some information about Leff(µ) can be obtained by deriving differences of low-energy
gauge couplings on the basis of Eq. (11)4. For example, the analog of Eq. (18), derived
from Eq. (11), reads
αij(Mc) = αij(µ) +
1
2π
{
aij +
1
2
bij
}
ln
µ
Mc
. (19)
At the same time, one can start from the original lagrangian LM and derive
αij(Mc) = αij(M) +
1
2π
{
aij +
1
2
bij
}
ln
M
Mc
. (20)
4 A careful treatment using effective field theory with dimensional regularization is possible [19]. We
thank R. Rattazzi for discussions of this issue.
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This implies
αij(µ) = αij(M) +
1
2π
{
aij +
1
2
bij
}
ln
M
µ
, (21)
thus determining the evolution of the SU(5)-breaking brane-terms in Eq. (11) with µ.
The differences αij(M) in Eq. (21) are parameters of the (for our purposes most
fundamental) action at scale M . Since Eq. (21) holds only in the leading logarithmic
approximation, we have to ascribe an uncertainty of approximately ±1 to the expression
ln(M/µ). Equivalently, this uncertainty can be attributed to the value of αij(M). This
implies that it is unnatural for the quantity αij(M) (which corresponds to a coefficient
of a term in the effective lagrangian at scale M) to be smaller than this renormalization
scale uncertainty. In the most optimistic scenario, where no new physics at scale M
contributes to αij(M), we have therefore to assume that
αij(M) ∼ 1
2π
{
aij +
1
2
bij
}
, (22)
where “∼” means that an O(1) coefficient remains undetermined.5
To develop some intuition for the numerical values of the relevant scales, focus first on
model I of Sect. 2.3. The relevant β function coefficients are ai = (33/5, 1,−3) (MSSM)
and bi = (−10,−6,−4), ci = (0,−4,−6) (KK modes) (cf. [11, 17]). With α−1i (mZ) =
(59.0, 29.6, 8.4) and an effective SUSY breaking scale mZ , conventional unification occurs
atMGUT ≃ 2×1016 GeV. An obvious possibility is to haveMc only slightly belowMGUT ,
in which case unification (within the uncertainty specified by Eq. (22)) occurs slightly
above MGUT (since above Mc the αij run somewhat slower than in the MSSM). In this
scenario, even though Λ is near the Planck scale, the scale M at which couplings unify
and our orbifold model breaks down is near Mc. In the opposite extreme, one can have
Mc ≃ 2×1014 GeV and unification atM ≃ 2×1017 GeV. In this scenario, the 5d orbifold
model is valid over 3 orders of magnitude and the 5d Planck scale is reached. In model
II of Sect. 2.3, the zero-mode ai coefficients are identical to model I, while the non-zero
KK mode β function coefficients are bi = (2, 6, 8), and ci = (12, 8, 6). Note that not only
is the difference aij = ai− aj the same for the two models, but so is bij = bi− bj , namely
(b12, b23, b31) = (−4,−2, 6). The reason for this is that the alteration between the two
models is that model II has, effectively, at every non-zero KK level a number of complete
SU(5) multiplets (as can be seen by combining the quantum numbers at each non-zero-
mode mass level from Tables 2 and 3). Thus the differences bij are determined solely by
the gauge structure of the bulk which is unchanged. Therefore, apart from a somewhat
reduced cutoff scale due to the faster SU(5)-invariant running of the bulk theory, the two
models are very similar in this regard.
Summarizing, the primary phenomenological result of this section is that in both
models I and II the uncertainty in the gauge coupling unification (quantified by Eq. (22))
is comparable to the GUT scale threshold corrections of a conventional GUT.
5 In Ref. [11] the size of these brane localized gauge-kinetic terms is estimated to be α−1
i
∼ 1/(4pi)
using NDA and the assumption that the 4d gauge theory on the boundary becomes strongly interacting
at the same scale as the 5d bulk theory. Our result, which is similar numerically, does not rely on this
assumption and is also valid in the case of a weakly coupled 4d theory.
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4 Conclusions
In this letter we have investigated supersymmetric SU(5) grand-unified theories (GUTs)
realized in 5 space-time dimensions and broken down to the MSSM by SU(5)-violating
boundary conditions on a S1/(Z2 × Z ′2) orbifold with two ‘end-of-the-world’ 3-branes.
Because of the position dependence of the amount of gauge symmetry, the MSSM Higgs
doublets can be located on the brane on which SU(5) is not a good symmetry. Thus
SU(3) triplet partners are never required, and the doublet-triplet splitting problem is
entirely avoided. In Sect. 2.3 we constructed an extremely simple model in which the
MSSM matter is also located on this SU(5)-violating brane. In this case, despite the
loss of the SU(5) understanding of the multiplet structure of the MSSM matter, one
maintains gauge coupling unification up to small corrections. As we discuss in Sect. 3,
this is due to the y-independence of the SM gauge boson zero modes, which allow the
contribution of the SU(5)-symmetric bulk gauge kinetic term to dominate that of the
SU(5)-violating brane-localized kinetic terms. We find it intriguing that such a simple
model is consistent. In Sect. 2.3 we also constructed a second model, this time with MSSM
matter located in the SU(5)-symmetric bulk. The model is slightly more involved, but
preserves the SU(5) predictions for fermion quantum numbers as well as gauge-coupling
unification. Both models naturally avoid problematic SU(5) predictions for the Yukawa
couplings of the first two generations. Finally, in Sect. 3, we analysed the running of the
gauge couplings above the compactification scale in terms of a 5d effective action and
derived the implications for the values of the compactification scale, the unification scale
and of the scale at which the bulk gauge theory becomes strongly coupled, finding values
that are phenomenologically attractive.
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